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Abstract—The problem of transient heat or mass transfer in fully developed laminar tube flows has been

solved exactly. The solutions for the impulse and step function response are considered separately for the

boundary conditions for a constant wall temperature or concentration and for an adiabatic wall. The

solution permits calculation of thelocal temperatures or concentrations as well as heat or mass fluxes. Typical
results are presented for downstream conditions of local temperature and Nusselt number.

NOMENCLATURE

internal radius of the tube;
matrix element defined by equations
(16) and (17);
matrix element defined by equation
(14);
mass concentration;
characteristic mass concentration;
specific heat;
= C/C,, normalized mass concen-
tration;
coefficient of mass diffusion;
parameters defined in equation (24);
parameter defined in equation (38);
matrix element defined in equation
(12);
normalizing factor defined in equation
(7
parameter defined in equation (23);
parameter defined in equation (24);
Bessel functions of the first and second
order;
coefficient of thermal conductivity;
= /(w/v), a frequency parameter;
00
().

average pressure gradient;

, Nusselt number;
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Pe,

= paC,vy/k, Péclét number for heat
transfer;

= avy/D, Péclét number for mass
transfer;

= uC,/k, Prandtl number;

radial distance;

= r/a, normalized radial distance;

= pavy/u, Reynolds number;

real value;

time;

characteristic initial temperature up-
stream and downstream respectively;
step function input;

axial velocity;

average axial velocity;

v/vo, normalized axial velocity;

axial distance;

= x/a, normalized axial distance;
eigenvalue as given by equations (8),
(9) or (10);

eigenvalue as given by equations (6)
or (21);

impulse function input;

Kronecker delta function defined by
equation (15);

parameter defined by equation (18);
=(Ty — T)AT, — T,), normalized
temperature;
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1
6., = [02RdR, cross sectional average
V]
temperature;
1
Oy, = [ VO2RdR, convective average
0
temperature,
A, eigenvalue as given by equations (18)
or (19);
U, dynamic viscosity;
v, kinematic viscosity;
&, dummy variable;
D, density;
T, = tvy/a, normalized time;
1
Jo@,R)R* AT
s = J ——Ou———, a parameter;
G,
]
w, frequency.
INTRODUCTION

INTEREST in the problem of heat transfer in tube
flow dates back over a hundred years. Graetz [1]
presented a solution to the problem of steady
heat transfer to a-constant temperature tube wall
in the thermal entrance region from a Poiseuille
flow in 1885. Since that date experimental and
theoretical contributions to the steady state
heat transfer literature have been numerous.
Analytical solutions for fully developed laminar
flows have been presented by Siegel et al. [2],
Singh [3], Schenk and Han [4] and Hwang et
al. [ 5] to mention only a few. Taylor [6], in 1953,
appears to have been the first to experimentally
and theoretically study the problem of transient
convective-diffusion of mass in a tube. Millsaps
and Pohlhausen [7] presented an analytical
solution of transient heat transfer in a Poiseuille
tube flow with no axial diffusion of heat. Since
Taylor’s original contribution [6], Aris [8],
Philip[9], Gill [10] and Lighthill [11] have pre-
sented approximate analytical solutions to the
problem of mass dispersion in fully developed
laminar pipe flow. These authors have presented
analytical predictions for mean concentrations
with adiabatic tube walls; hence their results are
of limited use in heat transfer problems. In
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addition, all of these authors used some restrict-
ing assumptions such as large Péclét number,
large values of time or no axial diffusion. More
recently Tseng and Besant [12] and Gill and
Sankarasubramanian [ 13] have presented exact
solutions for the problem of mass dispersion
in a tube with adiabatic walls for a step function
input. The solution of Tseng and Besant [12]
is a general solution of this problem which is
readily extended to similar problems, whereas
Gill and Sankarasubramanian [13] have pre-
sented a solution for the mean concentration. A
numerical analysis of the problem of transient
mass dispersion in a tube has been presented by
Ananthakrishnan et al. [14]. Their numerical
results have only been presented for a few cases.

In this paper the problem of unsteady heat or
mass flux in a Poiseuille tube flow is analyzed
forincompressibleflows with constant properties.
The step function and impulse function response
solutions are presented for the cases of adiabatic
and constant temperature walls. The effects of
unsteady flows are discussed. No heat dissipa-
tion is considered in the heat convection equa-
tion nor is the generation of mass species con-
sidered in the convective-diffusion equation.
The results are valid for heat or mass transfer,
but not simultaneous heat and mass transfer
unless the coupling effects are negligible. Some
typical graphical results are presented from the
analytical results. However, any attempt at
completeness for such a graphical presentation
will be subject to the same limitations that exist
for three dimensional or unsteady boundary
layers; that is three independent variables and
one parameter. In this case, time, axial length
and radius are the independent coordinates
and the Péclét number is an independent para-
meter. Consequently, the analytical solutions
themselves are the most practical form of presen-
tation.

PROBLEM FORMATION
The equation of convective heat transfer in a
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fluid with constant properties for fully developed
tube flow can be expressed as:
+ o*T
ox? |

This equation may be written in the nondi-
mensional form:
020
o

where the Péclét number, Pe, is equal to the
product of the Prandtl number, Pr, and the
Reynolds number, Re.

The equation governing the mass dispersal of
solute in a laminar pipe flow is

6_C+V8C__D (’)2C+16C+82C

ot ax o T ror x|
The above equation may be transformed into
the nondimensional form as

C6T+6_T k62T+10T
PRol B T Vox or

rar

160

08 00 1 [ 2%
R 8R

o T ax T Pe| 3R2

% " ax " Pe|5R2 T RAR T ax2

The heat transfer case will be discussed only,
since this equation is the same as for heat transfer.

In heat transfer a number of boundary con-
ditions may have physical significance. For
transient heat transfer in tube flow these are:
the constant wall temperature,

oc oc 1 [62C 1ocC OZCJ

0X,R=1,1=0 X>0 )
in adiabatic wall,
00
e = = 3
—X.R=17=0 3

and the general linear wall condition
a0
= —_— = 1
(X, R 1,r)+baR(X,R ,T)
=0,X>0 )

where b is a constant. The initial conditions are
taken to be

U for the step input

0(X,R,t =0) = . .
( ' ) {5 for the impulse input

)

where 6(X,R,1) is finite for —o0 < X < o0,
0<R<land0 <1t < 0.

Solution. Equation (1) has a particular solu-
tion

0= ZF,,M exp (—pB%t/Pe — At + ifX)
Gn ©)

n=1

where the normalizing factor G, is given by
1
G, = |:[ J3(@,R) R dR]* )
0

and «, is determined by the boundary conditions;
for the constant temperature wall,

Jola,) =0 ®)
for the adiabatic wall,

Ji(o,) =0 ©)

for the general linearized wall condition

Jolaw) — baJ(a,) = 0. (10)

The term F, is found by substituting equation (6)
into equation {1) giving

_AZ J°(G°‘" )+ BV(R)Z

N
1 Jo(2yR)
c

0(“ R)

—— ) F(-a}) (1)

n

This equation may be written in matrix form
by first operating on equation (11) with

1
o) p ar
G

j

j=123...N

0
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to give
A “1 ifbyy + Pe ifby, ifbyy F,
F, iBb, ifb,, + Pe F,
(12)
. . . ay || .
AlVF, ifby, iBbyn + Pe Fy
L - . L 4 L -
or which have the approximate form
[4 - I1][F] =0 (13) PP i
2 bg
where A, = ifby, + 2 + ﬁ’Pez S (19)
. Pe L% — o
B Jofo;R) Jo(04R) i
b = J- VR G; Gk RdR,(14) and associated mth component of nth eigen-
0 . vector g, are n,m = 1,2...N
Jo(@;R) Jo(o4R [ i
j ol@;R) J olony )RdR, (15) 1 Pe 2“12 . Pe ZalN .
djx = ) G;Gg ay — a3 o — ay
and matrix A has the elements Pe 2021 . 1 Pe _z_azL (20)
al — o? al —of
ajk = iﬂbjk + a}(sjk/Pej,k = 1,2,...,N. (16)
Two limiting cases are for Péclét number large
. . ant an:
ag = ifbyjk =1,23,...,N (17) Lpea}’o—a% Pea,%—ag : 1 |
and for Péclét number small a takes the same e general solution of equation (1) now becomes
form as equation (16) where, |au| > |au| for o N N
j#k o - J‘ZZ}W Jole,R)
The eigenvalues of 4 can be readily found by (i L G,
- j=1n=

computer since ay = a;. For Pe large the
eigenvalues 4,,n=1,2,...,N will have the
simple form.

A, = if¢, where (, is real (18)

and for Pe small the diagonal terms are dominant
and the eigenvalues were found by using a method
suggested by Faddeev and Faddeeva [15]

exp[— g—Zr — A7+ iﬂX] dg (21)

where h; is determined by the initial conditions

o N N
0(X. R, 0) = j 2 Z gy o)
T dsiest x e dp. (22)
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Using the Fourier transform and operating
with respect to

Jo(ogR)
G R dR gives

Oh-——ﬁ -

| =

1 o
. R

j I o(c, R, 0) e~ # ac 29 R p g

T GK

0 -

N
= Z hjgki
i=1

The initial conditions as presented in equation
(5) gives for large Péclét number

o

@«

J. B¢, R, 0)e™#4dE (24)

-

1
==—D
hy =D,

where

G; i=

J

1
J
d; = 4[ TR pdr and D, = zd,g,,,
0

For large values of Péclét number the eigen-
values 4, can be replaced by if(, as in equation
(18). This gives the solution of equation (1) to be

1 o0 oo
O(X,R, 1) = — f fZZDG(c,R 0)
2n
. Jola,R)
e_[“ dé gnj Dg‘;

exp(— % + ipX — iﬂ(ﬂ) dg.

If B(¢, R, 0) = U(&), a step input, then

N N
= zz Dig,; JO(;"R)%erfc

i=1n=1
X - {
[(4T/Pe) ] (23)

If 6(¢, R, 0) = (£), an impulse, then

8(X,R,7)
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Jo(@,R)
6(X,R,7) = “ZE i9nj J@t/Pe.G,)
o [_ ;EEJ 26)
p 4t/Pe

The mean cross sectional temperature is given

by
N N
1 d
=2 Dg .— "
Nz Z Z i Jide/Pe)
ji=1n=1

(X - er)z_ o)
- 27
for the impulse function and by
X - T
0, = iJnid J 2
- ZZ D;g,; ,,erfc[(‘h/Pe)*— (28)

=1 n=1

for the step function.
The convective average temperature is given

by
z 2 ni ’(4r/Pe)
- ‘:jT)z
exp [ — W{l (29)
and by
N N
HM = ZZ fgllj( ¢ )—

j=1 n=1

X —-{q
X erfc[(%/PeF] (30)

for the impulse and step functions respectively.
For small values of Péclét number of eigen-
value 4, take the form of equation (19)

2
o
i = ] —n 2P
. = ifb,, + Pe + B°PeE,
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where .
< 0, R, 0) e~ e LoZR)
G,
b, i
E, = R [/ . - 2/p

e % n X exp ——I—);+zﬂX—(zﬁjj+ocj/e

j#n
The approximate value of h, is + B2PeE) T:l dp d¢

l\)‘,_

—d, f@g,R,O)e—iﬂédg. 1 F
+ 5 j [Zd 0(¢, R,0)e"# d¢

The solution of equation (1) becomes

J (a :R)
0(X, R,7) = f f Zz Pea, “C=exp [ — f?1/Pe + iBX — (ifb,,
T2 — o2 G;
—wo - j=1 :;&JI 7 + OC]?/Pe'*‘ﬁzPeEj)T]dBdé_

If 8(&, R, 0) = U(¢), the step function, we get

N
—a?t/Pe Jo(a ) b t
(X, R,7) = z e Ir G, 2% [[41(1/Pe T Pe E,)]*]

j=1
N N
+ U 4 Peb,; Jo(@,R)exp {—ait/Pe — (X — b;;1)*/[41(1/Pe + PeE )]}
2 /n ‘a2 —a? G, [«(1/Pe + Pe E)]*
=g
(3D
If 8(¢, R, 0) = 4(¢), the impulse function, then
N
1 _ Jola;R) 1
- . . aft/Pe (¥ O\"j
bR =71 Zdle G, J[4(1/Pe + PeE)]
i=1
N N
1 Peb,; Jo(eR)
exp[— (X — b;1)*/41(1/Pe + Pe E))] + mzz:dj e a} G
i=1n=1
n¥j
e (X — bryexp {— (X — b;r)*/[41(1/Pe + Pe E )]} (32)

2[x(1/Pe + Pe E)]?
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The mean cross sectional temperature is given by

N
2 E: ) 1
= — 2 o~ a}/Pe — (X = b;1)?*/42(1/P PeE;
0,.(X,1) Jx di e \/[4T(I/Pe+PeEj)]exP[ ( ;7)2/4t(1/Pe + Pe E})]

N N
.\ #ZZ# Peby - are (X =bDexp (= (X = b [4x1/Pe + PEE) o0
NE: ay — o 2[x(1/Pe + Pe E)]*
=1 n=1
n#j

for the impulse function and by

N
) X — by
_ 2 ,—ajt/Pe 3
On(X,7) = E dj e erfe [[41,-(1/Pe + Pe E,-)]*]

i=

Pe b,,J e #7Peexp [ — (X — b;1)*/4r(1/Pe + E; Pe)] (34)
i [r(l/Pe + E; Pe)]* ‘

1 n=1
= n#j

The convective average temperature is given by

2 —a3pe 1 B B
0y (X, 1) = NG Zd(d ¢)e P V’[4r(1/Pe+PeEj)]exP[ (X — b;7)*/41(1/Pe + Pe E))]

N N
1 2 Z;{dj _ ¢j) aP?fn; e a2e/Pe . (X — bj}'T) €Xp {_(X - I']T)z/[‘h-(l/Pe + PeEJ)]}

Ve i 2[z(1/Pe + Pe Ej)]%
mtacl
(35)
and by
(X, 7) = id(d b)e e—aFtlPe Gl‘fcl: X -b;z :|
T 41(1/Pe + Pe E)|*
i=1 [ t( / J)]
1 Peb nj € afr/Pe exp[ (X - b 7)2/4T(1/Pe T E Pe)]
R [(1/Pe + E, P (36)
n¥j

for the impulse and step function responses.
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PULSATING FLOW CASE
The velocity profile in the pulsating pipe flow
was given by Uchida [16] as

~ 1iP[.  JokaRity] ..
V= Re{_ §—J[1 = Jo(kai?) ]e }

alj = Re {eiwr(x}' + !y})}

then
x; = Re {sign s o(&;)]'[(k'a) o2 l+ (ka)* i]
Jo(kai?)
y; =Im {sign [J o(aj)]'[(ka) (o2 l+ (ka)* i]
J (kai?)

The average of one complete period the value
of E; is

N
1 1 3 N
=§Zm(xn + Vo)
1

The equivalent diffusion coefficient K, aiion 1
the pulsating pipe flow is

k 2C,
KPulsalion = };E_ + k '4V;‘:'CIZE1

v

k a*v? 2
= l 2 4+ yh.
oC, k/pcvz Zog et )

n=2

DISCUSSION OF RESULTS
The solution of the problem of transient heat
or mass transfer in a fully developed laminar
tube flow has been presented. The results may
be computed to an accuracy of about 1/10000
by considering the first ten eigen-values.
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The relative influence of diffusion and con-
vection is established by the magnitude of the
Péclét number. For large values of Péclét
number, which is the case for most heat transfer
situations, diffusion is relatively unimportant
except near the walls where the velocity is
negligible. On the other hand, for the slow flow
of a liquid metal or a dilute solute at a low

(e 23]

o4

o2

FiG. 1. Radial temperature distributions as a function of
dimensionless time r at the dimensionless position X = (-1
for a Péclét number Pe of 1000, a constant wall temperature
0 = 0 and the step function initial temperature distribution.

FiG. 2. Radial temperatures as a function of dimensionless

position X at the dimensionless time 1 = 0-1 for a Péclét

number Pe of 1000, and a constant wall temperature § = 0
and the step function initial temperature distribution.
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Péclét number, molecular diffusion is more
important than convection. Singh [3] showed
in his exact analysis of the steady state heat
transfer in a tube that neglecting axial diffusion
in flows with Péclét number greater than 100
gave rise to a negligible error. This same con-
clusion has been made by Schneider [18] and
by Hsu [19] for flow in the entrance of a pipe.
The solution expressed in equations (25}+(36)
may also represent the mass transfer if the
temperature is replaced for the concentration
and the Péclét number by its equivalent mass
transfer Péclét number. Equations (26), (27), (29),
(32) and (33) for the response of the impulse
function, are excluded for the case of 7 =0,
because the magnitude of the impulse function
d(7) is undefined at © = 0. The Nusselt number,
Nu = — 00/0R|g_,, is readily computed from
equations (25, (26) or (29), (30) depending on the
Péclét number and the initial conditions. A
typical plot of Nusselt number versus time for
step function response is shown in Fig. 3. The

Nu

T T T T

F1G. 3. Nusselt number Nu at the wall vs. dimensionless

time t at several dimensionless positions downstream for

Péclét number Pe of 1080 and the step function initial
temperature distribution.

Nusselt number asymptotically approaches the
steady state values found near X = 0. For large
distances downstream the asymptotic steady
state value of Nusselt number is 3-66 for
Pe = co. With the initial distribution of step
function form the typical temperature profiles

for the case of constant temperature wall are
shown in Fig. 1 and 2 for the case of adiabatic
walls are shown in Fig. 4 and 5. Figures 6 and 7
use the particular temperature at, X = 0-0001,
7 = 00001, R = 0, as a reference level to show
the variation of temperature profile with the
adiabatic wall and impulse form of the initial
conditions. Figures 8 and 9 present the same
results for the case of constant wall temperature.
Mean temperature changes are given in Fig. 10

1-0

o8

06

04

FiG. 4. Radial temperature distributions as a function of

dimensionless time t at a dimensionless position X = 0-1

for a Péclét number Pe of 1000, an adiabatic wall and the
step function initial temperature distribution.

1-0

0-8

06

0-4

02

FiG. 5. Radial temperature distributions as a function of

dimensionless position X at a dimensionless time t = 0-1

for a Péclét number Pe of 1000, an adiabatic wall and the
step function initial temperature distribution.
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FiG. 6. Radial temperature distribution as a function of

dimensionless position X = 0-01 for a Péclét number Pe 1000,

an adiabatic wall and an impulse form of initial temperature
distribution.

ol12

0-08

0-04

878 (R=0, T= X=0-000I)

F16. 7. Radial temperature distribution as a function of

dimensionless position X at a dimensionless time © = 0-01

for a Péclét number Pe 1000, an adiabatic wall and an impulse
form of initial temperature distribution.
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and 11 for the impulse initial condition and the
adiabatic wall or the constant temperature wall.
Figure 12 illustrates the value of

N

2
-~ 2 2
xn+ n
zaz—af‘ )

n=2
ka for pulsating flow. The numeral result shows
that the remainder of the series,
N

2
- 2 2
——— (X2 + y2),
Eaf—ai(" Yn)
2

from the seventh term is less than 10™7. When
ka is less than 0-7 the figure shows that the value
of 4E, is equal togiz which is exactly the same
as that was obtained by Aris [17]. For high
frequencies it is seen that the effects of flow

012
X=0-01
8
o 0-08
o
L]
X
n
9
c
"
X oo04
<
3
¢} 02 04 06 o8 1-0
R

F16. 8. Radial temperature distribution as a function of

dimensionless time 7 at the dimensionless position X — 0-01

for a Péclét number Pe 1000 a constant wall temperature

0 = 0 and an impulse form of initial temperature distri-
bution.

oscillation drops off rapidly. This method of
analysis could not be used directly in the general
case of time varying tube flows since the
coefficient E, and hence the diffusion coefficient
would be time dependent. The present analysis
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considers only the average value of E; over a
given cycle. Alabastro and Hellums [20] have
taken the perturbation approach of Lighthill
for oscillating boundary layers to study diffusion
with oscillating tube flows. Such a method would
be restricted to thin diffusion boundary layers
for steady flows with a small superimposed
oscillation. In the present study harmonically
oscillating flows were considered where it is
shown that the effects of oscillation on diffusion
is small at low frequencies and negligible at
high frequencies.

[eR}-4

0-08

004

8/6(R=0, t=Xx=0-0001)

FiG. 9. Radial temperature distribution as a function of

dimensionless position X at the dimensionless time ¢ = 0-01

for a Péclét number Pe 1000, a constant wall and an impulse
form of initial temperature’ distribution.

The works done by Taylor [6], Aris [8],
Philip [9] and Gill [10] all give methods of
finding the apparent diffusion coefficient; with
this information the mean concentration or
temperature may be predicted from the pure
diffusion model. But these methods can not give
the information about the local concentration
or temperature, or the amount of diffusion
through the wall. It has been shown by Tseng
and Besant [12] that the agreement between the
numerical results of Ananthakrischnan et al.
[14] and the present theoretical method of
analysis is not exact.

03

8,/68,{ X = 0-00005, T=0-0001)

X/t
F1G. 10. The variation of the dimensionless mean tempera-
ture ratio with X/t for Pe = 10 000, an adiabatic wall and an
impulse form of initial temperature distribution.

030

8,/8,,( t=0:0001, X =0-00005)

X/t

F1G. 11. The variation of the dimensionless mean tempera-

ture ratio with X/r for Pe = 10000, an isothermal wall

0 = 0 and an impulse form of initial temperature distri-
bution.
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10-0

FiG. 12. The values of 4E, vs. ka.
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TRANSFERT THERMIQUE OU MASSIQUE TRANSITOIRE POUR UN ECOULEMENT
LAMINAIRE ETABLI DANS UN TUBE

Résumé—Le probléme du transfert thermique ou massique transitoire pour un écoulement laminaire
établi dans un tube a été résolu exactement. Les solutions donnant la réponse 4 des fonctions impuision
et échelon sont considérées séparément pour des conditions aux limites soit de température ou de concen-
tration pariétale constante, soit de paroi adiabatique. Les solutions permettent le calcul des températures
ou des concentrations locales aussi bien que des flux thermiques ou massiques. On présente les résultats
typiques de I’évolution, au cours du mouvement, des températures locales et du nombre de Nusselt.

INSTATIONARER WARME- UND STOFFUBERGANG IN VOLL AUSGEBILDETEN
LAMINAREN ROHRSTROMUNGEN

Zusammenfassung—Das Problem des instationiren Wirme- oder Stoffiibergangs in einer voll aus-
gebildeten laminaren Rohrstromung ist exakt geldst worden. Die Losungen fiir Eingangsimpuls und
Eingangssprung werden getrannt betrachtet fiir die Randbedingungen konstanter Wandtemperatur bzw,
-konzentration und fiir die adiabate Wand. Die Losung gestattet die Berechnung der &rtlichen Tempera-
turen bzw. Konzentrationen sowie des Wirme- bzw. Massenstroms. Es werden typische Ergebnisse
angegeben fiir die stromabwirts maBgebenden ortlichen Temperaturen und Nusseltzahlen.



HEAT AND MASS TRANSFER IN TUBE FLOWS

HECTAUMOHAPHBIN TEIJIO-U MACCOOBMEH B IIOJHOCTbIO
PA3BUTBIX JIAMUHAPHBIX TEYEHUAX B TPYBAX

Annoranua—Peinena 3agaya 0 HeCTaUMOHADHOM TeMJIO-U MaccooOMeHe B MOJHOCTHIO

PasBUTHIX JIAMUHAPHBEIX TeYEHMAX B TpyOax. Pelienusa QA XapakTepHCTHKM CTYNEHYATON U

HUMIYJIBCHON QYHKIUMM PACCMATPHBAJINCE OTHEJBHO IJA MOCTOAHHON TeMIepaTyphl CTeHKU K

KOHLEHTpAaUUK, a Takke mufA aguabatudeckod creuku. PenleHMe Mo3BOsAeT NMPOH3BECTH

pacyeTr MeCTHHIX TEMIIEPATYP MJIM KOHIEHTPAUMi, & TaKxKe NOTOKOB Tel1a M MaccH. Ipexcra-

BJIEHH THUIMYHBIE Pe3YJILTATH A JIOKAnbHOHM TeMmepaTypsl u ducaa HyccensTa BHUB 1o
TEYEHHIO .
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